It is shown that the inclusion of junctions characterized by non--sinusoidal current -phase relationship in the systems composed of multiple Josephson junctions -results in the appearance of additional system phase states. Numerical simulations and stability considerations confirm that these phase states can be realized in practice. Moreover, spontaneous formation of the grain boundary junctions in high-Tc superconductors with non-trivial current-phase relations due to the d-wave symmetry of the order parameter is probable. Switching between the phase states of multiple grain boundary junction systems can lead to additional 1/f noise in high-T c superconductors.
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Introduction
The interest in the properties of the Josephson multi-junction systems is to a large extent caused by the fact that granular superconductors, including the high-T c materials, are usually modelled as arrays or loops of superconducting islands coupled by the Josephson junctions. Stationary theory developed for multi-junction interferometers (superconducting loops containing several Josephson junctions) [1] considers a system of junctions exhibiting the usual sinusoidal current-phase relationship (CPR) I = I c sin ϕ. This theory predicts that the system can enter what is called a higher phase state characterized by phase difference across one or more junctions ϕ ni being restricted modulo 2π to the interval [π/2, 3π/2] (the basic state occupies the interval [−π/2, π/2]). By ϕ ni we denote (687) phase difference across i-th junction in interferometer branch n. The necessary condition for the existence of an extremum of the free energy of the system is then
where
N n is the number of junctions in branch n, single indices 1 and 2 refer to the junctions with the smallest critical current in each branch, and β Li = 2πL i I ci /Φ 0 . Equation (1) describes the locus of the stationary points of the system (φ 1 ,φ 2 ). Pairs (φ 1 ,φ 2 ) correspond to points on one of the main interferometer characteristicsdependence of system critical current J c = I c1 + I c2 on external magnetic field Φ e [2] , which is easy to observe experimentally. Predictions of the stationary theory were verified by investigating system stability in the frame of resistively shunted junction (RSJ) model and by measurements performed on niobium four-junction interferometers [3] . It was found that higher states of a system formed by junctions characterized by trivial CPR, due to s-wave symmetry of the order parameter, are unstable.
However, the results of phase-sensitive experiments on high-T c superconductors [4, 5] are consistent with d x 2 −y 2 -wave symmetry of the pair potentials. DC Josephson current between two superconductors with d x 2 −y 2 -wave pairing symmetry is described by [6] :
The low-temperature behavior of the Josephson current depends on the angle formed between the crystalline axis of superconductor with d x 2 −y 2 -wave pairing symmetry and the normal to the junction interface (see Fig. 1 ), as the sign of the pair potential depends on the direction of quasiparticle motion. As a consequence, conditions of preparation and geometrical layout, which can affect mutual orientation of junction electrodes and crystalline axes, determine the properties of such junctions. 
Josephson multi-junction systems on the base of d-wave superconductors
In this paper, we discuss the possible appearance of additional system phase states in the case when multi-junction interferometer contains "nontrivial" junctions, i.e. junctions between d-wave superconductors. Let junction ni be a non--trivial junction. To simplify the analysis we keep only two harmonics in Eq. (2):
Then, looking for the extremum of the interferometer energy, we obtain the following modification of Eq. (1):
where α n = Nn i=2 a ni /(cos ϕ ni + 2b ni cos 2ϕ ni ) + β Ln . If b = 0, this result reduces to Eq. (1), as it should be. The case of b = 0 corresponds to zero angle between the crystalline a axes of junction electrodes (assuming non-zero barrier potential [6] ). Another extreme case is when the angle between the crystal axes is equal to π/4. In such situation I * c (the lowest-order term) vanishes and Eq. (2) has a form close to sin 2ϕ. Other values of angles lead to different intermediate cases.
The dynamics of the multi-junction interferometer containing "nontrivial" Josephson junctions
The dynamics of the interferometer is described by the system of N = N 1 + N 2 equations
Fni is noise current flowing through the resistor R ni shunting the Josephson element in RSJ model. By applying the standard Lyapunov method [7] to the system of Eqs. (5), one can show that for ϕ ni ∈ [−π/2+2mπ, 3π/2+2mπ], m = ±1, ±2, . . . (corresponding to the higher state) and b ni < 0.5 the system has not a stable solution, whereas for b ni ≥ 0.5 such solutions can be found. Figure 2 illustrates the foregoing results for a three-junction interferometer with a non-trivial junction 12. We show the dependence of critical current on external magnetic field obtained from numerical simulations of interferometer dynamics, and the I c (φ e ) patterns determined by Eq. (4). One can see that only one (basic) interferometer phase state is occupied for b 12 < 0.5. When b 12 exceeds 0.5, one can observe additional patterns corresponding to the higher state (dashed lines). In this case the system can occupy either the basic or the higher state and execute transitions between these states, depending on noise level (temperature).
Energy consideration
Appearance of additional higher states is easy to understand if we consider the expression for the energy of two connected in series non-trivial Josephson junctions
Due to the presence of cos 2ϕ terms in (6) , if either of the b parameters is more or equal to 0.5, four energy minima appear in the two-dimensional interval [0, 2π] × [0, 2π] of the phase space. Occupancy of one of the minima corresponds to one of the phase states of the considered system.
Conclusions
To conclude, we investigated the dynamics of multi-junction systems of the Josephson junctions on the example of a three-junction interferometer. The numerical experiment based on solving the system of equations describing the interferometer dynamics and stability considerations following the Lyapunov method, show that higher phase states of the interferometer are allowed. Switching between the phase states of multiple grain-boundary junction systems can result in additional 1/f noise in granular high critical temperature superconductors.
